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Abstract. In this note we prove the well-posedness for stochastic 2D Navier-Stokes equation 
driven by general Levy processes (in particular, a-stable processes), and obtain the existence of 
invariant measures. 



1. Introduction AND Main Result 



, In this article we are concerned with the following stochastic 2D Navier-Stokes equation in 

^ '• torus T2 = (0, 1]^: 

I— i! dut = [Au, - (ut ■V)ut + Vpt]dt + dL;, divw, = 0, UQ = (peB.^, (1.1) 

0^ ■ 

P_i I where Ut(x) = iul(x), uj(x)) is the 2D-velocity field, p is the pressure, and {Lt)t^Q is an infinite 

■ dimensional cylindrical Levy process given by 



2 ■ - y^jfijL^^^^j^ 



where {iL''/^)t^o, j e N} is a sequence of independent one dimensional purely discontinuous 
> '. Levy processes defined on some filtered probability space (Q., {^t)m\ P) and with the same 
Levy measure v, {jSy, j e N} is a sequence of positive numbers and {ej, j e N} is a sequence of 
orthogonal basis of Hilbert space H", where for y e R, with the norm \\-\\y and inner product 
■ (•, ■)y denotes the usual Sobolev space of divergence free vector fields on (see Section 2 for 
. a definition). 

As a continuous model, stochastic Navier-Stokes equation driven by Brownian motion has 
been extensively studied in the past decades (cf. [51 El El [Bl, etc.). Meanwhile, stochastic partial 
differential equation with jump has also been studied recently (cf. [fT2l |6l|). However, in the 
well-known results, the assumption that the jump process has finite second order moments was 
required in order to obtain the usual energy estimate. This excludes the interest or-stable process. 
In this note, we establish the well posedness for stochastic 2D Navier-Stokes equation (|l.ll) 
driven by a general cylindrical Levy process, and obtain the existence of invariant measures for 
this discontinuous model. More precisely, we shall prove that: 

Theorem 1.1. Suppose that for some 9 e (0, 1], 



): He := f WVd.^) + V ^/ < +oo. 

J\x\>l 



(H, 

Then for any (p e H", there exists a unique solution (ut)t^o = (Mf(v'))f>o to equatio Ml.U satisfying 
that for almost all co and for any t > 0, 

(i) ? I— > Ut(a)) is right continuous and has left-hand limit in H^', and \\Vusico)\\Qds < +oo; 

(ii) it holds that for any (p e H\ 

{ut{aj), 0)o = {if, (p)o + I [(Am,M, 0)o + <M,M <S> u,(co), V(f>)o]ds + {L,{lo), (f))^. 

Jo 
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Moreover, there exists a constant C = C{He, 6) > such that for any t > 0, 

In particular, there exists a probability measure jj. on (0*, =^^(H°)) called invariant measure of 
{ut{sp))t^Q such that for any bounded measurable function O on H", 



r EO(M,((^))A/(d^) = r o(^)//(d(^). 



Remark 1.2. Assumption (Hg) implies that cylindrical Levy process {L,),^q admits a cadlag 
version in and for any t > (cf. [|T3l p.l59, Theorem 25.3]j, 

E||L,||o < +CX3. 

In fact, for 6 e (0, 1], by the elementary inequality (a + b)^ <: a^ + b^, we have 



^ < +00. 



Remark 1.3. By estimate (122]' Poincdre 's inequality, we have 

r iivM.v iig + 1 

Jo (l|w.vllo 

<C(l + IMI|^ + 0. 

This estimate in particular yields the existence of invariant measures by the classical Bogoliubov- 
Krylov's argument (cf Hj. 

Remark 1.4. An obvious open question is about the uniqueness of invariant measures (i.e. 
ergodicity) for discontinuous system ALU . The notion of asymptotic strong Feller property in 
[I9J is perhaps helpful for solving this problem. 

This paper is organized as follows: In Section 2, we give some necessary materials. In 
Section 3, we prove the main result. 

2. Preliminaries 

In this section we prepare some materials for later use. Let Cq(T^)'^ be the space of all smooth 
R^-valued function on with vanishing mean and divergence, i.e., 

r f(x)dx = 0, div/W = 0. 

For 7 6 R, let be the completion of C~(T^)^ with respect to the norm 

1/2 



= \i-Ar^f(x)\Mx 



where (-A)"^^^ is defined through Fourier's transform. Thus, (BI7, || • \\y) is a separable Hilbert 
space with the obvious inner product 

(f,8)y-= f i-Ay''f(x)-i-Ay'^g(x)dx. 
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Below, we shall fix an orthogonal basis {ej, 7 6 N} c C^(T^)^ of BP consisting of the eigenvec- 
tors of A, i.e., 

Aej = -AjCj, {ej, ej)Q = 1, ; = 1, 2, ■ ■ ■ , (2.1) 
where < Ai < ■ ■ ■ < Aj 00. 

Let [(L''/^)t^o, j e N} be a sequence of independent one dimensional purely discontinuous 
Levy processes with the same characteristic function, i.e., 

where is a complex valued function called Levy symbol given by 

Jr\{0| 

where v is the Levy measure and satisfies that 

1 A bPvCdj) < +00. 



/ 

Jr\{oi 



For t > and F e e^(R \ {0}), the Poisson random measure associated with is defined by 

se(0,t] 

The compensated Poisson random measure is given by 

N^J'>it,Y) = N^j^(t,Y) - tv(Y). 
By Levy-Ito's decomposition (cf. [T, p. 108, Theorem 2.4.16]), one has 

= r xN'^j\t, dx) + f xN^j\t, dx). 

J\x\il J\x\>l 

For a Polish space (G,p), let D(R+;G) be the space of all right continuous functions with 
left-hand limits from R+ to G, which is endowed with the Skorohod topology: 



dG(u,v) := inf 



AeA 



sup 



log 



t- s 



V 



sup(p{ut/,r,VAii)Ar) A l)e 'dr 

f>0 



(2.2) 



where A is the space of all continuous and strictly increasing function from R+ — > R+ with 
A(0) = and A{oo) = 00. Thus, (D(R+;G);(i) is again a Polish space (cf. [|7l p.l21. Theorem 
5.6]). 

We need the following tightness criterion, which is a direct combination of [ITTl Corollary 
5.2] and Aldous's criterion [[T]. 

Theorem 2.1. Let {(X")t^o, n eM} bea sequence of¥t^ -valued stochastic processes with cadlag 
path. Assume that 

(i) for each e C^iT^f and t > 0, lim/f_>co sup^g^Pl sup,g[o,f] > = 0; 

(ii) for each (p e C^(T^)^ and t,a > 0, lim£^o+ sup^g^ sup^g_5^ ^IkX" - > a} = 0, 
where St denotes all the (^t)-stopping times with bound t; 

( Hi) for every s > and t > 0, 



lim supP 



sup Yj{X'^,ej)^_, >e 



Then the laws o/(X"),^o in '. 



') is tight. 



The following result comes from flT] p.l31 Theorem 7.8]. 
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Theorem 2.2. Suppose that stochastic processes sequence {(X")/>05 « e N} weakly converges to 
(Xt)t^o in B>(M.+ ;M.^^).Then, for any t > and (p e there exists a sequence t„ I t such that for 
any bounded continuous function f, 

\imEf({Xl4>U) = Ef({Xr,(f>U). 

We also need the following technical result. 

Lemma 2.3. Suppose that sequence {u",n e N} converges to u in D(K.+ ;Hr'). Then for any 
T > and m e N, 

sup \\ut\\o < lim sup ||m"||o. (2.3) 

te[0,T] n^co temj+M 

If in addition, for Lebesgue almost all t, u" converges to u, in H", then for any fi > 0, 

° „ dt < lim \ „ dt. (2.4) 

Jo (1 + lkllf/ Jo (1 + IKIIg)^ 

Proof. Without loss of generality, we assume that the right hand side of (12.31 ) is finite. For any 
e it is clear that t i-> (m,, (/>)() is a cadlag real valued function, and by definition (12.21 ) of 
Skorohod metric, we have 

dM.({u'',(f>)o,{u,(p)o) < (2 + \\(f>\\i)duAu",u), 

and so {u",(())q converges to (u,(())q in D(R+;R) as n ^ oo. Since the discontinuous points of 
{u., 0)o are at most countable, for any T > and m e N, there exists a time r„, e {T,T + I /m) 
such that (u., (())q is continuous at r„,. Thus, we have (cf. [7, p.l 19, Proposition 5.3]) 



Hence, 



lim sup \{u",(f>)o\= sup \{ut,(f>)o\. 

«-^°° te[0,T,„] telO,T,„] 



sup ||m,||o = sup sup 0)ol 

te[O.T] te[OJ]^ea^;\\<l,\\o<l 

< sup sup \{u„^)q\ 

0eHi;||0||o!Sl te[QJ^] 

= sup lim sup |(m",0)oI 

0eHi;||0||os;l"^°°'e[O,r,„] 

< lim sup sup |(m",0)oI 

«^cx)^eH';||0||o<l te[0,T„,] 

= lim sup ||m"||o. 

n-»co telO,T,„] 



Thus, (|2.3I) is proven. 

For proving (I2.4K let A/" be the Lebesgue null set such that for all t i N,u" converges to u, in 
]HI°. Fixing at^N, then as above, we have 

l|V"^llo . ii2i„^ooliv<ll^ I|V<||2 



< < lim 



(1 + WutWlf ^ (1 +lim„^eo WuXf (1 + WuXf 

Estimate (12.41) now follows by Fatou's lemma. 



3. Proof of Theorem I1.1I 
We first give the following definition about the weak solutions to equation (|l.ll) . 
Definition 3.1. A probability measure P on D(R+;H"^) is called a weak solution of equation 

(123) r 

(i) for any t >0, P{u e D(R+; H~') : sup,g[o_^] ||m,||o + ||Va,||^d5' < +oo^ = 1; 

( ii) for any j 6 N, 

M'-/\u) := {u„ ej)o - {uq, e^X, - | [(m,, Ae^),, + (a, O a,, Vej)o]ds (3.1) 

Jo 

is a Levy process with the characteristic function 



Ee'^""'' = exp {t [ ie^yP' - 1 - i^y^ jl\,\^,)v{dy) 



and {{M^/')i^Q, j e N} is a sequence of independent Levy processes. 

Proof of Existence of Weak Solutions: We use Galerkin's approximation to prove the existence 
of weak solutions and divide the proof into three steps. 
(Step 1): For n e N, set 

H° := span{ei,e2, ••• 
and let n„ be the projection from EI° to El|] and define 

n " r n „ 

V: := YPjl^/'ej = y y/3jejm(t, dy) + V yfijejN^Ht, dy). 
jTi jTi JlvKi Jl>i>i 

Consider the following finite dimensional SDE driven by finite dimensional Levy process L": 

d< = [A< - n„((M" • V)u1Mt + AL% ul = n„(^. (3.2) 

Since for any R> Q and m, v e Hj] with ||m||o, ||v||o < R, 

||n„((M ■ V)m - (v ■ V)v)||o < CrJu - vllo 

and 

{u, Au - n„((M • V)m))o = -IIVmIIo, Vm e H°, (3.3) 

finite dimensional SDE (13.21) is thus well-posed. 
Define a smooth function /„ on H° by 

/„(M) := (\\u\\l + lf\ u 6 

By simple calculations, we have 

^f(._ „2.. ^_ ^Z"=ig/®g/ g(2-g)M(^^< 

^"^"^ (lK + 1)'-^/^' ^"^"^ (Nl^l)^-^/^ (INI^l)^-^^^' ^ ^ ^ 
and for all u,v e H^, 

iy;.(") - fniv)\ < kiimii^ + d^^' - (iivn^ + d^^y < ii^ - vii^. (3.5) 

By (Q, (D, (1231) and Ito's formula (cf. [E p.226, Theorem 4.4.7]), we have 



fn{u1)=fn{ul)- — — ^-1— d5+y Un{u'l + y^ jC j) - f^M^ds , dy) 

Jo (llw"llo + l) ' jrfJoJivKi 

^ JoJ|y|« 



/„«+3;;8,e,)-/„«) 



(Im^P + 1)1-^/2 
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v{diy)diS 



/„K)-/;'(0 + /^(0 + /3(0 + /4"(0. 



For Kit), by Burkholder's inequality and (I3.5K we have 



»2V 

)" I rT r ^^^^ 
^cVe !/„(<+ 3;yS;e,)-/„(<)pArO)(d^,d3;) 

^ \Jo JlyKl 

<Cy(E r r |/„«+3;ySye,)-/„«)|2v(dy)d 

\ Jo J|y|<l 



1/2 



\J|yKi 



where we have used condition (Hg). Here and after, the constant C is independent of n and T. 
For I^it), by Taylor's expansion and (|3.4I ). we have 

e( sup /^XO) < C y r r |>'py(d3;)d5 < Cr V ^/ f \y?v{^y). 

\fe[0,r] / yTf Jo J|.rKl J\y\^\ 

For 7^(0, by (O, we have 

E ( sup Il{t)\ < y E ( r r \Uu] + ^^Sye,) - /„«)|A^(^)(d5, Ay) 

\te[OJ] I ^ \Jo J\y\>l 



|/„«+);;eyey)-/„«)|y(d);)d^ 

■l>i 



< cr y ^/ brvcdy). 

Combining the above calculations, we obtain that 

sup (\\uX + If A + E r d5 < (ll^ll^ + If 2 + + CT"\ (3.6) 



(Step 2): In this step, we use Theorem O to show that {(m"),^o, n e N} is tight in D(R+; H"^). 
For any e C^(T^)^, by equation dXIl), we have 

<i/^, 0)^1 = <i<;;, <^)_i + r [<A<, - <« • v)<, 0).i]d^ + <L^ 

Jo 

= K<^)-i+ r [K,A0)_i+«'®i/:,V<^)^i]d^ + <L^0>_i. 
Jo 

Thus, for e > and any stopping time r bounded by t, we have 

XT+e 



-1 

< E sup {\\u% ■ mio + Wu'lWl ■ IIV(-A)-VlU) 

se[0,t] 
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+ ^^,|-|4^,-4^Vl|(-A)-Vllo. 



Using (a + bf ^a^ + provided that 6 e (0, 1], we get 



mui^,-u'i,(t>)^ 



10/2 



sup \\uX 

.ve[0,r] 



1/2 



By the strong Markov property of Levy process (cf. [|I3] p.278, Theorem 40.10]), we have 

B\L^^l^ - L[j'>f = E0J'>f = E|4'f , Vy e N. 

Thus, by and (H^), 

E\(u",,^ - u'l, <pUfl^ < C[e"l^ + (ElLiyf'l (3.7) 
where the constant C is independent of n, r and s. On the other hand, by (12.11 ), we have 



sup 

S€[Q,t] 



j=m 



0/2 



sup 2^ 



i } 



1 



<— E|sup iKii;^|. 

4-e[0,/] 



(3.8) 

') denoted by Pn 



By Theorem inland (IX6l)-(IXH]). one knows that the law of {u%^q in D(R+; 
is tight. 

(Step 3): Let P be any accumulation point of {Pn,n e N}. In this step, we show that P is 
a weak solution of equation (11.11) in the sense of Definition 13.11 First of all, by Skorohod's 
embedding theorem, there exists a probability space (Q, ^ , P) and D(R+; EI"^)-valued random 
variables X" and X such that 

(i) Law of X" under P is P„ and law of X under P is P. 

(ii) converges to X in D(l.+ ; H~') a.s. as n — > oo. 
Thus, by (|3.6I) . we have 



sup llXfllf, 

fe[(),r] 



+ . 



(ll^^llf, + 1)^-^/2 

By Lemma [23] and Fatou's lemma, for any m e N, we have 



d^ UC(i + iMI^ + r). 



(3.9) 



sup WUtWo] = 

te[0,T] 



sup IKIIol < lim : 

telOJ] 
2 , i\e/2 



sup \\XX 

te[0,T+i/m] 



< (ll^llo + + C(T + 1/m) + C{T + l/my'\ 
On the other hand, for any 6 e (0, 9/4), by Holder's inequality and (|3.9I) . we have 



(3.10) 



llx"-xj|f,d5U 



fll^:- 

Jo 
Jo 



x.f^WX^-x.wi'^ds 



6/2^ 



1/2 



x,ir_id* E \\x:-x,\r,ds 



1/2 



0. 



So, there exists a subsequence still denoted by n such that for P x d?-almost all (a», 5), X"(ct>) 
converges to X^ioj) in H°. By Lemma [23] and (|3.9I) . we then obtain 



eilVwJ 



d5 = 



o\\vx,\\l 



(11^.11^ + 1)^-^/2 



d5 



< lim E 

n— >oo 
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m% + i) 



\i-e/2 



< c(i + iMi;; + r). (3.11) 

Combining (13.101) and (|3.11l) gives (|1.2I) . In particular, sup^g^Q ||m,||o and (n^^p+'t)'-"/^ ^'^ 
finite P-almost surely, which produces (i) of Definition 13. II 

Fixing j G N, in order to show that M^-'^ defined by (|3.1|) is a Levy process, we only need to 
prove that for any < 5 < f. 



I -'R\{0) 



(e'^-^'^' - 1 - l|,Kii^3;;ey)y(d3;) , (3.12) 



where 



M 



if) 



.- {X„ej)Q-{Xo,ej)o- f [<X„ Aey)o + (X, O X„ Vey)o]dr. 
Jo 

Fix < 5 < ? below. By Theorem [231 there exists (Sn, tn) i {s, t) such that 

lim Ee'^<^!«''^>» = Be'^^^"''^\ lim Ee'^<^"'.''^>'' = te'^^^''''^\ 

By equation (13.21 ), it is well-known that for any n > j, 
E exp < i^ 



^" exp ^ i^ 



Jin 

= exp Ln - s„) [ {e'^yP' - 1 - l\,\^ii^yPj)v{Ay)\ . 
I Jr\{oi j 



Thus, for proving (13.121 ). it suffices to prove the following limits: 



lim E 

(1— >oo 



lim E 

n— *oo 



lim E 



lim E 



exp |i^ 
exp < i, 



®X,",Vey)odr^-exp^i^ <X, ® X„ Vey)odr 



0, 



= 0, 



i^J (X;!,Aey)odr|-exp|i^J <X,-, Aey)odr| 
exp |i^ ^ " ® X", Vey>odr| - exp |i^ J (X;? X^, Ve^r 
i^ r"(X,«,Aey)oC 



0, 



dr -exp i^ (X;,Aey)odr 



Let us only prove the first limit, the others are similar. Noticing that for any 5 e (0, 1) and 

a, e R, 



W'' - < l{\a -b\M)^ 2\a - bf 

_1 



by Holder's inequality and ||m||o < llwliyi'^llMliy^, we have for d < 6/4, 



expji^ J <X>X,",Ve,)odr|-exp|i, 
<Ce|J ||X,"-X,||o(||X;||o + ||X,||o)d 



0X,,Vey)odr 



< CEl sup(||X;||o + IIX.IIo) f\\X"^-X,-\\'J^\\X",-XM[''dr\ 

\re[s,t] Js J 



|l/2. 



< Ce| sup (||X;||o + IIX.IIo + D^-'-W^) U _ x,||_idrj 

fiix; 



, , + ll^rlll) 



Xr\Udr\ 

as n — > oo, where in the last inequality, we have used (13.91) and Holder's inequality. As for the 
independence of M^^^ for different j e N, it can be proved in a similar way. 

Proof of Theorem li.il The pathwise uniqueness follows by the classical result for 2D de- 
terministic Navier-Stokes equation. As for the existence of invariant measures, basing on (11.21 ) 
(see Remark [T31) . it follows by the classical Bogoliubov-Krylov's argument. 
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